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Creep models for unidirectional ceramic matrix composites reinforced by long creeping ﬁbers with weak
interfaces are presented. These models extend the work of Du and McMeeking (1995) [Du, Z., McMeeking,
R. 1995. Creep models for metal matrix composites with long brittle ﬁbers. J. Mech. Phys. Solids 43, 701–
726] to include the effect of ﬁber primary creep present in the required operational temperatures for
ceramic matrix composites (CMCs). The effects of ﬁber breaks and the consequential stress relaxation
around the breaks are incorporated in the models under the assumption of global load sharing and
time-independent stochastics for ﬁber failure. From the set of problems analyzed, it is found that the
high-temperature deformation of CMCs is sensitive to the creep-compliance of the ﬁbers. High ﬁber
creep-compliance drives the composite to creep faster, leading however to greater lifetimes and greater
overall strains at rupture. This behavior is attributed to the fact that the greater the creep-compliance of
the ﬁbers, the higher the creep rate but the slower the matrix stress relaxation – since the matrix must
deform with a rate compatible with the more creep-resistant ﬁbers – and therefore the less the load car-
ried by the main load-bearing phase, the ﬁbers. As a result, fewer ﬁbers fail and less damage is accumu-
lated in the system. Moreover, the greater the creep-compliance of the ﬁbers, the slower the matrix shear
stress relaxation – and thus the lower the levels of applied stress for which this effect becomes important.
The slower the shear stress relaxes, the slower the ‘‘slip” length increases. Due to the Weibull nature of
the ﬁbers, the ﬁber strengths at the smaller gauge length of the slip length are stronger; therefore fewer
ﬁbers undergo damage. Hence, high ﬁber creep-compliance is desirable (in the absence of any explicit
creep-damage mechanism) in terms of composite lifetime but not in terms of overall strain. These results
are considered of importance for composite design and optimization.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Advanced composites with ceramic matrices have been devel-
oped with a view to introduce ceramics in structural parts used
in severe environments, such as rocket and jet engines, gas tur-
bines for power plants, heat shields for space vehicles, fusion reac-
tor ﬁrst wall, aircraft brakes, heat treatment furnaces, etc. Although
CMCs are promising thermostructural materials, their applications
are still limited by the lack of suitable reinforcements, processing
difﬁculties, sound material databases, lifetime and cost. Compre-
hension of the effect of the basic properties of the constituent
phases and ‘‘bundle-like effects” to the creep behavior and the ex-
pected rupture lifetime is critical for the proper design and use of
CMCs.ll rights reserved.
vanis), plex@tem.uoc.gr (M.The longitudinal time-dependent deformation of continuous ﬁ-
ber-reinforced composites is the result of diffusional and cavita-
tional creep of the constituents (McLean, 1985; McLean, 1989;
Du and McMeeking, 1995; Fabeny and Curtin, 1996), as well as
of the strength and evolution of ﬁber damage and ﬁber/matrix slip-
page. The ﬁbers are the stiff, main load-bearing phase with ran-
domly distributed ﬂaws that grow over time and result in
sudden ﬁber breaks where tensile loading is unsupported. This
strength degradation at ﬂaws is highly stochastic and depends on
the local stress history, the temperature, processing history and
environmental factors (Newcomb and Tressler, 1993; Evans et al.,
1996; Evans and Weber, 1996; Milz et al., 1999; Casas and
Martinez-Esnaola, 2003; Jones and Henager, 2005; Mei et al.,
2006; Wilshire and Bache, 2007; Ruggles-Wrenn et al., 2007).
The matrix serves mainly to redistribute the load lost at breaks lat-
erally onto ﬁbers in the cross-section through shear, however the
details of the matrix damage state in CMCs (matrix cracking, pre-
valent in CMCs) have a signiﬁcant role in the determination of
the composite lifetime (Holmes et al., 1993; Wu and Holmes,
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Holmes et al. (1993), it was observed that the creep behavior is
strongly inﬂuenced by the initial loading rate. At low rates of initial
loading the relaxation of the matrix stress reduces the likelihood of
matrix fracture; however, it is possible for the ﬁber stress to in-
crease, as load is shed from the matrix, to a level that causes ﬁber
fracture within the composite. At higher rates of initial loading,
matrix fracture is pronounced, inﬂuencing stress redistribution
and resulting in shorter composites lifetimes and higher creep
rates due to accelerated ﬁber damage. Fiber breakage occurs along
with progressive debonding (Wu and Holmes, 1993; Ohno et al.,
1994; Weber et al., 1993; Weber et al., 1996) due to the low ﬁ-
ber-matrix cohesion – a weak ﬁber-matrix interface has been
found to be essential to ensure good longitudinal strength for both
MMCs and CMCs (Jansson et al., 1994; He et al., 1993). The decohe-
sion of the interface allows the ﬁbers to slip relative to the matrix.
Due to the sliding resistance, load is transferred back onto the ﬁ-
bers that are broken and thus the broken ﬁbers still have substan-
tial load-carrying capability. For short-term loading, the sliding
resistance can be well represented as being constant (Marshall
et al., 1992). For long term loading, however, the relaxation of
the matrix and interface shear stresses and the subsequent addi-
tional induced damage become an important aspect of the prob-
lem. As time progresses the matrix shear stress at the matrix-
ﬁber interface relaxes and the recovery length – the distance re-
quired for an isolated broken ﬁber to recover its elastic load – in-
creases. This reduces the load-carrying capacity of broken ﬁbers.
The more the stress of the broken ﬁbers relaxes the higher the load
carried by the unbroken ﬁbers and the matrix. This causes addi-
tional increases in damage, affecting the creep strain to rupture
and the rupture lifetime.
There have been analytical attempts to incorporate all these ef-
fects for predicting the mechanical behavior of ﬁber-reinforced
composites subjected to a uniaxial constant tensile loading in
high-temperature environments. These treatises, generally are
one-dimensional and consider the composite reinforced by contin-
uous (stochastic) ﬁbers aligned parallel to the axis of tensile load-
ing. The matrix is considered as viscous reinforced by elastic/
viscous ﬁbers (McLean, 1985, 1989). Global load sharing rule –
according to which only time-dependent spatial averages of the
uniaxial stress and strain, rather than the full time-dependent spa-
tially-varying ﬁelds – is assumed which simpliﬁes considerably the
study of the stochastics of ﬁber failure. Such an approach is justi-
ﬁed by the extensive ﬁber damage prior to failure of composites
with weak interfaces, suggesting that the global (average) effects
of ﬁber damage on stress and strain are most important. The low
shear strength of composites with weak interfaces actually dimin-
ishes stress concentrations in ﬁbers adjacent to breaks and thus
damage in the ﬁbers occurs in an uncoordinated manner (He
et al., 1993; Du and McMeeking, 1994). Analytical solutions for
the stress concentrations around ﬁber breaks were given in Landis
and McMeeking (1999) and Ohno et al. (2004b). Curtin (1991)
established, under global load sharing rule, ﬁber failure stochastics
for time-independent ﬁbers dependent upon the gauge length and
a constant shear stress across the slipped portion of the interface.
The time-dependent breakdown of the ﬁbers was included in a
number of studies based mainly on the Coleman’s lifetime distri-
bution (Coleman, 1958; Ibnabdeljalil and Phoenix, 1995; Newman
and Phoenix, 2001; Mahesh and Phoenix, 2004) and an empirical
crack growth power law (Iyengar and Curtin, 1997a; Halverson
and Curtin, 2002). Moreover, the effects of ﬁber pullout and that
of the matrix damage state were also included in Halverson and
Curtin (2002). Du and McMeeking (1995) have solved a single bro-
ken ﬁber model (cell model) to understand the evolution of inter-
facial shear and then developed an averaging approach for the
entire composite (the effect of interface relaxation was accountedfor by an average time-dependent sliding interfacial shear stress).
This issue was also addressed in later works (Iyengar and Curtin,
1997b; Ohno and Miyake, 1999, Ohno et al., 2000, 2004a). Cell
models have been used extensively for the time-dependent defor-
mation of composites reinforced by either discontinuous or contin-
uous ﬁbers and particles, especially for ﬁnite elements simulations
(Aboudi, 1991; Park and Holmes, 1992; Kondo et al., 1994; Aboudi,
1995; Aravas et al., 1995; Nimmagadda and Sofronis, 1996; Cheng
and Aravas, 1997b,a; Bednarcyk and Arnold, 2002).
At the required operational temperatures (up to 1500 C) for
CMCs, the ﬁbers usually exhibit primary creep while the matrix
both primary and steady-state creep. In this paper, the creep
models of Du and McMeeking (1995) are extended with the
aim of gaining insight into the effect of creeping ﬁbers in the
overall composite creep behavior, in an effort to facilitate effec-
tive composite design. The present models describe the creep
behavior of CMCs on the basis of the load transfer from broken
ﬁbers to other intact ﬁbers through a constant or relaxing friction
at the ﬁber/matrix interface under global load sharing and time-
independent stochastics for ﬁber failure. Fiber degradation with
time and matrix damage are not included in the models since
they do not alter the trends observed in the overall creep re-
sponse with variation of the ﬁber creep-compliance although they
do alter the relevant time scale for failure (Baxevanis and Chara-
lambakis, 2010).
The remainder of the paper is organized as follows. In Section 2
the assumptions utilized for the development of the models are
itemized and mathematically formulated. In Section 3 two models
are developed for composites with creeping ﬁbers, one based on a
constant and another one on a relaxing matrix shear stress. Finally,
in Section 4 the results on the composite creep response are further
discussed.
2. Assumptions utilized for the development of the models
We consider a unidirectional composite consisting of an elastic-
power law creeping matrix
_em ¼
_rm
Em
þ Brnm; ð1Þ
where Em is the Young’s modulus of the matrix, and B and n are con-
stants that characterize the inelastic behavior, reinforced by a vol-
ume fraction f of continuous ceramic ﬁbers of diameter D, aligned
parallel to the axis of loading. Here, em is the axial strain in the ma-
trix and rm is the axial stress in the matrix. Superscribed dot de-
notes differentiation with respect to time t. The mechanical
analogue of equation (1) resembles the Maxwell unit and consists
of a linear spring connected in series with a nonlinear dashpot. Such
power law response functionals have been used to describe the
slow, steady-state, uniaxial creep of metals and ceramics subjected
to constant uniaxial tensile stresses. It is assumed that since the pri-
mary creep is small compared with the steady-state creep it can be
neglected. Moreover, matrix cracking, prevalent in CMCs (or matrix
yielding in MMCs), is not included in the constitutive relation. The
matrix is actually considered in the model as a deforming material
which is assumed to rupture when the strain on average goes to
inﬁnity.
The ﬁbers are assumed to exhibit primary creep characterized
by the nonlinear deformation relationship
_ef ¼
_rf
Ef
þ Crmf ef 
rf
Ef
 l
; ð2Þ
where ef is the axial strain, Ef the Young’s modulus, C, m and l are
constants for given temperature characterizing the inelastic re-
sponse (note that only C is dependent on the temperature). This
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from the well known relation
_ecf ðtÞ ¼ Arlctp; ð3Þ
which connects the creep strain ecf to a constant load rc (see
Appendix A). This empirical relation has been validated by experi-
ments on several high strength ceramics (Dicarlo, 1986, 1994. A, l
and p are constants characterizing the inelastic response at times
t from the application of the constant stress. The relations between
the exponents in these two equations read as
C ¼ ðpþ 1Þp=ðpþ1ÞA1=ðpþ1Þ; m ¼ l=ðpþ 1Þ; and
l ¼ p=ðpþ 1Þ: ð4Þ
Moreover, we assume that the gross structural integrity of the
composite is maintained during loading and we neglect inertial
and wave propagation effects. Hence
e ¼ em ¼ ef ; ð5aÞ
r ¼ ð1 f Þrm þ frf ; ð5bÞ
for all times t, where e and r are the composite strain and stress
respectively. However, the ﬁber bundle consists of ﬁbers that are
broken in various locations. Thus, in order to study the effect of sto-
chastic ﬁber fracture with global load sharing on the response of the
composite, we replace equation (5b) by
r ¼ ð1 f Þrm þ f ~rf ; ð6Þ
which gives the stress of the composite in an arbitrary cross-sec-
tional plane, where ~rf is the average stress supported by the ﬁber
bundle at the cross-section under consideration.
Hence, the system of governing equations for the composite
reads as
_e ¼ _rm
Em
þ Brnm; ð7aÞ
_e ¼ _rf
Ef
þ Crmf e
rf
Ef
 l
; ð7bÞ
r ¼ ð1 f Þrm þ f ~rf : ð7cÞ
The composite is subjected to a step uniaxial tensile loading de-
ﬁned by
r ¼ 0; t 6 0;
r0; t > 0:

ð8Þ
When the load is suddenly applied at t = 0, all of the state vari-
ables suffer jump discontinuities. We consider the limits, as time
approaches zero from the right, to be the initial values of the state
variables in order to create a smooth initial boundary value
problem
e0 ¼ lim
t!0þ
eðtÞ; rf 0 ¼ lim
t!0þ
rf ðtÞ; rm0 ¼ lim
t!0þ
rmðtÞ: ð9Þ2.1. Stochastic ﬁber failure based upon the gauge length and the
interfacial shear stress
As noted above, an important determinant of composite behav-
ior is the statistical ﬁber strength. For time-independent ﬁber
breakdown (no strength degradation), Curtin (1991) showed that
the average stress in the ﬁbers at a cross-section of the composite
can be approximated as
~rf ðtÞ  1 Lf ðtÞL0
max
16s6t
rf ðsÞ
S0
 !m24 35rf ðtÞ; ð10Þ
for all times t, if (a) the fraction of ﬁbers that have been broken
more than once within the distance Lf from the cross sectional planeis negligible and the ﬁber length L is much larger than Lf, (b) there
are no stress concentrations in ﬁbers adjacent to the broken ones
(global load sharing assumption), (c) the ﬁnite population of ﬁber
strengths is adequately described by a Weibull distribution. L0
and S0 are reference values of length and strength, respectively,
andm describes the variability in ﬁber strengths. It should be noted
that more elaborate cross-sectional ﬁber average stress solutions
have been worked out, e.g. in Hui et al. (1995) and Phoenix et al.
(1997).
3. Models based on speciﬁc cases of matrix shear stress
3.1. Rupture model with constant matrix shear stress
By equilibrium, if the shear stress s is assumed constant (s = s0),
the stress recovery distance Lf is
Lf ðtÞ ¼ Drf ðtÞ4s0 : ð11Þ
Substituting Lf of (11) in (10) gives
~rðtÞ  1 1
2
max
16s6t
rf ðtÞ
Sc
 !mþ124 35rf ðtÞ; ð12Þ
where
Sc ¼ 2s0L0S
m
0
D
  1
mþ1
; ð13Þ
is the ﬁber strength at the critical gauge length dc ¼ ½S0DL1=m0 =
ð2s0Þm=ðmþ1Þ.
Using (12), system (7) becomes after simple calculations and
rearrangement
_e¼
B r0 frf 1 12
rf
Sc
 mþ1  	n
þð1f Þ
n1 fEf C
Em
1 1þm2

  rf
Sc
 mþ1 
rmf e
rf
Ef
 l
ð1 f Þn 1þ fEfð1f ÞEm 1 1þm2

  rf
Sc
 mþ1  	 ;
ð14aÞ
_rf ¼ Ef _e Ef Crmf e
rf
Ef
 l
: ð14bÞ
We ﬁnd it advantageous to introduce the following dimension-
less variables
e^ ¼ Ef e
Sc
; r^ ¼ r
Sc
; t^ ¼ tBEf Sn1c ; bE ¼ EfEm ; g^ ¼ CE
l
f S
mln
c
B
;
ð15Þ
whereupon, system (14) reads as
_^e ¼
r^0  f r^f 1 12 r^mþ1f
 h in
þ ð1 f Þn1f bEg^ 1 1þ m2
 r^mþ1fh ir^mf e^ r^f
 l
ð1 f Þn 1þ fbE1f 1 1þ m2
 r^mþ1fh i 	 ;
ð16aÞ
_^rf ¼ _^e g^r^mf e^ r^f

 l
: ð16bÞ
If the ﬁbers are assumed elastic then the above system reduces
to the Curtin–McLean rupture model (Du and McMeeking, 1995)
_^e ¼ r^0  f e^ 1
1
2 e^
mþ1
  n
ð1 f Þn 1þ fbE1f 1 1þ m2
 e^mþ1  	 ; ðe^ ¼ r^f Þ: ð17Þ
Note that for both system (16) and Eq. (17) no solutions of phys-
ical signiﬁcance can be extended through the singular point for rf
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Fig. 1. Evolution of strain estimated by the numerical solution of (16) for a
composite subjected to a constant load r0/Sc = 0.2 for different ﬁber creep-
compliance. The dimensional values of parameters that are not indicated in the
ﬁgure are f = 0.2, m = 5, S0 = 1.47 GPa, Ef = 367.16 MPa, Em = 274 MPa, B = 2.833 
1025Pa2s1, n = 2.
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Fig. 2. The portioning of stress between the ﬁbers and the matrix estimated by the
numerical solution of (16) (creeping ﬁbers - solid line) and (17) (elastic ﬁbers -
dashed line) for composites under constant load r0/Sc = 0.2 and ﬁber volume
fraction f = 0.2. The values of the parameters are m ¼ 5; n ¼ 2; bE ¼ 1:34 for (17)
plus m ¼ 3; l ¼ 2; g^ ¼ 4:1875 104 for (16).
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2fEf þ 2ð1 f ÞEm
ðmþ 2ÞfEf
 ! 1
mþ1
; ð18Þ
at which the denominators of both (16) and (17) become zero. It is
not surprising that this value depends solely upon the elastic prop-
erties of the constituent phases because the response of all materi-
als exhibiting memory effects is approximately elastic when they
are subjected to rapid or impulsive deformations such as those in
the vicinity of the singular point.
Moreover, it should be noted that the applied stress r0 cannot
exceed the fast-fracture effective tensile strength of the composite
Sc
mþ 1
mþ 2
Emð1 f Þ
Ef
þ f
 mþ2
mþ1 2
ðmþ 2Þf
  1
mþ1
: ð19Þ
If the applied stress is above this value then the composite fails
immediately upon loading. However, in ceramic matrix composites
under fast loading conditions, the matrix cracks well prior to com-
posite failure and thus the composite strength is actually de-
creased to the bundle strength of the ﬁbers alone (Curtin, 1993)
Sc
mþ 1
mþ 2 f
2
mþ 2
  1
mþ1
: ð20Þ
Eq. (20) is the maximum value of r0 for which the numerator of
(17), r^0  f e^ð1 12 e^mþ1Þ ¼ 0 can be solved for e^. Hence, it is actually
a critical value for the applied stress, below which the composite
suffers only partial failure and the stress on the unbroken ﬁbers
tends towards a ﬁnite value giving rise to an inﬁnite lifetime. Fab-
eny and Curtin (1996) have constructed a system similar to (16)
describing the overall creep behavior of a composite with ﬁbers
exhibiting steady-state creep. They proved that there exists again
a critical value (greater than (20) for the applied stress, below
which the composite has an inﬁnite lifetime with some steady-
state creep rate. The stress in the matrix in that case does not decay
to zero but rather to a value at which the matrix and the ﬁbers
creep at the same rate (the composite never ceases to creep).
Before proceeding further, it is important to recognize the fol-
lowing point regarding application of the above mentioned analy-
sis to ceramic matrix composites. The ceramic composite,
according to the Curtin–McLean and the Fabeny–Curtin models,
will either fail instantly on loading, if the applied stress is above
the bundle strength, or will have an inﬁnite lifetime, if the applied
stress is below the bundle strength. This is so because the bundle
strength (fast-fracture strength (20) is equal to (for the Curtin–
McLean model) and less than (for the Fabeny–Curtin model) the
corresponding critical values of the two models for inﬁnite life-
time. Thus, the intermediate regime of ﬁnite lifetimes disappears.
In the Curtin–McLean model an elastic response is assumed for
the ﬁbers while in the Fabeny–Curtin model a steady-state creep
response is assumed, respectively, hence it is conjectured that
the situation is analogous for the model (16) described herein, that
assumes a decreasing creep rate response for the ﬁbers; a response
that lies in between the two aforementioned ones. Unfortunately,
no analytical results can conﬁrm this conjecture which is however
supported by numerical experiments. In conclusion, the main re-
sult of interest herein is not the application of the model to exper-
imental data from CMCs, but rather the basic dependencies of the
overall creep deformation time-scale, the creep rate and the stress
transfer between the ﬁbers and the matrix on the parameters of
the constitutive phases, as given by integration of (16).
Numerical integration of (16) indicates that the creep response
of CMCs is sensitive to the creep-compliance of the ﬁbers. High ﬁ-
ber creep-compliance drives composite to creep faster, leading
however to greater lifetimes and greater overall strains at rupture
(Fig. 1). The ﬁbers get more creep-compliant as parameters A, l and
p increase, as it can be easily deduced from (A.1). The dependenceof ﬁber creep-compliance on parameters C, m and l is given
through relations (4). Since the matrix must deform compatibly
with the ﬁbers, the more creep-compliant the ﬁbers, the slower
the matrix stress relaxation. Therefore the load carried by the ﬁ-
bers increases more slowly (Fig. 2) and fewer ﬁbers fail. The values
of the parameters used in the numerical calculations are chosen so
as to conform with those of a composite system comprised SCS-6
SiC ﬁbers of diameter D = 142 lm in a hot-pressed Si3N4 matrix
at 1200 C. Therefore,
m ¼ 5; S0 ¼ 1:47 GPa; Ef ¼ 367:16 MPa;
A ¼ 7:2 10 ^15 Palsp; p ¼ 0:667; l ¼ 1;
according to Dicarlo (1986) and Weber et al. (1996), and
Em ¼ 274 MPa; B ¼ 2:833 1025 Pa2s1; n ¼ 2; m ¼ 0:27;
according to Kossowsky et al. (1975) and Park and Holmes (1992).
The interfacial shear strength, used in the next section, at this tem-
perature is measured by Morscher et al. (1990) and found to be
s0 = 12  32 MPa.
DLf
f
b
f
x
w
L
x
r
bilinear approximation
Fig. 3. Unit cell for ﬁber stress relaxation.
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This model is based upon a cell model which concerns the shear
stress relaxation in a single broken ﬁber surrounded by intact
neighbors. It gives the governing system of a partial and an ordin-
ary differential equation for the evolution of the stress in the bro-
ken ﬁber. Then, an approximate model is developed that averages
over the effect of initially broken, progressively broken and intact
ﬁbers on the time evolution of the state variables during creep.
3.2.1. Cell model
Consider the cell illustrated in Fig. 3. The displacement on the
lateral surface of the unit cell is uc(x, t) = e(t)x, where e(t) is the
strain of the composite. The displacement on the lower segment
of the unit cell is uf(x, t) and the shear strain cm in the matrix for
high ﬁber volume fractions is
cm ¼
ucðx; tÞ  uf ðx; tÞ
w
; ð21Þ
where
w ¼ D
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2f
ﬃﬃﬃ
3
p
s
 1
 !
; ð22Þ
is the spacing between ﬁber surfaces for hexagonally packed ﬁbers
(neighboring ﬁbers experience nearly the composite strain rate).
The shear strain rate in the matrix (of Von-Mises type) can be
expressed as
_cm ¼
_s
Gm
þ 3Brn1e s; ð23Þ
where Gm is the shear modulus of the matrix, s is the shear stress in
the matrix and
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
SijSij
r
; ð24Þ
is the effective stress, where Sij the deviatoric stress. The effective
stress for the present problem reads as
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2m þ 3s2
q
: ð25Þ
It is assumed that rm depends only on t, while s depends on t
and x.
Equilibrium gives
@rbf
@x
¼ 4s
D
; ð26Þ
whererbf ¼ Ef eef ðx; tÞ; ð27Þ
is the stress in the broken ﬁber and eef the elastic part of the ﬁbers
strain. An additional equation for the creep part of the strain is
needed, namely,
_ecf ¼ Cðrbf Þmðecf Þl: ð28Þ
Combination of (27) and (28) gives
_ef ¼
_rbf
Ef
þ Cðrbf Þm ef 
rbf
Ef
 !l
: ð29Þ
By substitution of ef = @uf/@x from (21) into (29) and use of (23),
(26) and (28), the governing system of partial differential equa-
tions for the evolution of the stress of a broken ﬁber
@rbf
@t
¼ DEfw
4Gm
@3rbf
@t@x2
þ 3DBEfw
4
@
@x
rn1e
@rbf
@x
" #
 Ef Cðrbf Þmðecf Þl þ Ef _e; ð30aÞ
_ecf ¼ Cðrbf Þmðecf Þl; ð30bÞ
is derived. The boundary conditions for rbf are
rbf ð0; tÞ ¼ rf ðtÞ; rbf ðL=2; tÞ ¼ 0; ð31Þ
while the initial conditions for rbf and ecf are
rbf ðx;0Þ ¼
rf ðtÞ; for 0 6 x 6 L=2 Lf ;
L2rf ð0Þ
2Lf
ð1=L 2x=LÞ; for L=2 Lf 6 x 6 L=2;
8<: ð32Þ
and
ecf ðx;0Þ ¼ eð0Þ 
rf ð0Þ
Ef
; ð33Þ
respectively.
Similar shear-lagmodels formatrix shear stress relaxation inme-
talmatrix compositeswere developed byDuandMcMeeking (1995)
and in polymeric matrix composites by Lagoudas et al. (1989) and
Mason et al. (1992) (all these works assume elastic ﬁbers).
We perform numerical experiments to obtain the stress in the
ﬁber when the unit cell shown in Fig. 3 is subjected to a constant
overall strain (see Appendix B for details on the numerical integra-
tion). In this case, the response is computed from (30) with _e ¼ 0.
These results represent the stress in a broken ﬁber in a relaxation
test. In a relaxation test in which the application of the load was
instantaneous (elastic behavior assumed for both ﬁbers and ma-
trix) ﬁbers break upon loading only and not thereafter. Thus,
Fig. 4 shows the stress relaxation behavior at a break starting at
the instant of loading. Moreover, in the same ﬁgure the stress
recovery segment can be seen. The stress recovery length Lf, de-
ﬁned as the distance from the break at which the tensile stress just
attains the value of the remote ﬁber stress (at x = 0), increases as
time increases. Within this distance the ﬁber stress decreases, i.e.
the ﬁber relaxes. Beyond the stress recovery segment, the stress
in the ﬁber is almost uniform and constant at its value at the cell
end (x = 0), a value that relaxes with time. Thus, as long as the
stress recovery segment has not reached the cell end, the behavior
of the solution is insensitive to the ﬁber length. This behavior has
been already conﬁrmed for the case of elastic ﬁbers (Du and
McMeeking, 1995). An important feature of the results, already
pointed out by Du and McMeeking (1995), is that the gradient of
stress within the stress recovery length is only weakly dependent
on position. This means that the shear stress in the matrix, which
is proportional to the stress gradient, can be approximated as uni-
form. In Fig. 5(a) the time evolution of the ‘‘uniform” matrix shear
0 0.1 0.2 0.3 0.4 0.50
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0.4
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0.8
1
Fig. 4. Stress in a broken ﬁber along its length estimated by (30) for a composite
subjected to a constant strain Efe/Sc = 0.175. The stress is normalized by its remote
decreasing value at x = 0. The values of the parameters are f ¼ 0:25; L ¼
150D; m ¼ 5; n ¼ 2; bE ¼ 1:34; m ¼ 3; l ¼ 2; s^0 ¼ 0:0084 and g^ ¼ 4:1875 104.
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case of elastic ﬁbers (Du and McMeeking, 1995). It is found that the
shear stress relaxes in a shorter time when the ﬁbers creep. This
situation is reversed for constant applied loads, as we show in
the next section.0 2 4 6 8 100
1
2
3
4
5
6
7
8
9 x 10
−3
a
0 2 4 6 8 100
1
2
3
4
5
6
7
8
9 x 10
−3
c 
Fig. 5. (a), (b) and (c): Evolution of the ‘‘uniform” matrix shear stress within the stress
n = 2, bE ¼ 1:34, m = 3, l = 2, s^0 ¼ 0:0084 and g^ ¼ 4:1875 104. (a) Composites subjecte
ﬁbers ((31) in Du and McMeeking (1995))(dashed line). (b) Composites subjected to cons
in Du and McMeeking (1995)) (dashed line). (c) Creep (solid line) and relaxation (dashe
creep problem) r0/Sc = 0.15. (d): Evolution of matrix normal stress for composites with
constant load r0/Sc = 0.142. The values of the parameters are f = 0.2, L = 500D, m = 5, n =3.2.2. Model with matrix shear stress relaxation at constant overall
applied stress
At constant applied load, ﬁbers fail upon initial loading and then
randomly as the stress acting on the unbroken ﬁbers increases. The
stress recovery segments in the broken ﬁbers Lf extend with time.
Thus, in order to predict the creep response of the composite, we
combine system (7) with Eq. (10) to obtain
_e ¼
B r0  frf 1 LfL0
rf
S0
 mh in on
ð1 f Þn 1þ fEfð1f ÞEm 1 ðmþ 1Þ
Lf
L0
rf
S0
 mh in o
þ
ð1f Þn1 f
Em
Ef C 1 ðmþ 1Þ LfL0
rf
S0
 mh i
rmf e
rf
Ef
 l
þ rf rfS0
 m _Lf
L0
n o
ð1 f Þn 1þ fEfð1f ÞEm 1 ðmþ 1Þ
Lf
L0
rf
S0
 mh in o ;
ð34aÞ_rf ¼ Ef _e Ef Crmf e
rf
Ef
 l
: ð34bÞ
The above system predicts the creep response of the composite
once Lf and _Lf are given as functions of time. These two functions at
time t are clearly now averaged quantities over ﬁbers broken ear-
lier than t.
The determination of Lf and _Lf proceeds as in Du and McMee-
king (1995). By incrementing system (34) from t to t +Dt, the ﬁber
stress (away from the breaks) increases from rf at t to rf +Drf at
t +Dt and the recovery distance from Lf to Lf + DLf. The evolution0 2 4 6 8 103
4
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recovery length estimated for composites with parameters f = 0.25, L = 500D, m = 5,
d to constant strain Efe/Sc = 0.175 with creeping (30) (solid line) and non-creeping
tant load r0/Sc = 0.15 with creeping (30) (solid line) and non-creeping ﬁbers (model
d line) problem for a composite with initial stress (which remains constant for the
relaxing (solid line) and constant matrix shear stress (dashed lone) subjected to
2, bE ¼ 1:34; s^0 ¼ 0:0084, m = 3,l = 2 and g^ ¼ 4:1875 104.
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Fig. 6. Evolution of strain vs dimensional time for composites subjected to the same
constant dimensional stress, for two different ratios of interfacial sliding stress to
the characteristic ﬁber stress s0/Sc = 0.0084 (r0/Sc = 0.142, g^ ¼ 4:1875 104, ‘solid
line’) and s0/Sc = 0.0202, (r0/Sc = 0.12, g^ ¼ 3:5117 104, ‘dashed line’). The values
of the other parameters are f = 0.2, L = 500D, m = 5, n = 2, bE ¼ 1:34, m = 3 and l = 2.
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in a sense that will be made precise below) can be followed by sys-
tem (30) and equals ~rbf at time t + Dt. The recovery distance de-
pends on ~rbf and on the ﬁbers that are newly broken in this
increment of time and thus their number must be computed:
According to the Curtin model, at the beginning of the increment,
at imposed stress rf, the number of breaks in the distance
2(Lf + DLf) is
n ¼ 2ðLf þ DLf Þ
L0
rf
S0
 m
: ð35Þ
The number of breaks within the length 2(Lf + DLf) at imposed
stress rf + Drf is
nþ Dn ¼ 2ðLf þ DLf Þ
L0
rf þ Drf
S0
 m
: ð36Þ
The parameter Dn is thus the number of fresh breaks taking
place within the length 2(Lf +DLf) as the stress increases from rf
to rf + Drf. The averaged stress ~rbf ðxÞ at the end of the time incre-
ment t + D t in the existing broken ﬁbers can thus be computed as
~rbf ðxÞjnew ¼minx
4s0ð0:5L xÞ
D
; ~rbf ðxÞ
 	
n
nþ Dn
þmin
x
4s0ð0:5L xÞ
D
;rf þ Drf
 	
Dn
nþ Dn : ð37Þ
The ﬁrst termon the right-hand side of the above equation repre-
sents the contribution from the existing broken ﬁbers and the sec-
ond from the newly broken ones during the time increment. The
min function is required in order to ensure that the gradient of stress
near the breaks (for both the newly broken ﬁbers and the existing
broken ones) does not exceed 4s0/D and thus thematrix shear stres-
ses by equilibrium are limited to s0. Once the averaged stress is
found, a value of DLf is computed by equating the average of
~rbf ðxÞjnew in theﬁber (i.e. over the length L/2) to the averagepredicted
from a bilinear stress distribution of a uniform stress rf falling to
zero at the break linearly within a distance Lf +DLf. This updates
both Lf and
_bLf ¼ DbLf =bLf for the next incremental solution of (34).
It is important to note that the above model for constant ap-
plied load, similarly to the corresponding one for elastic ﬁbers
studied in Du and McMeeking (1995), exhibits a creep rupture
threshold at the ﬁber bundle strength for dry ﬁbers below which
a non-creeping state is reached. This is so because ﬁber relaxation
caused by the matrix shear stress relaxation will eventually unload
all the broken ﬁbers. Thus only the intact ﬁbers support load after
sufﬁciently long time has passed (which of course differs in the
two models). Because stress concentrations are ignored in the
two models, this is identical to what happens in a bundle of ﬁbers
without matrix or friction between them. The creep rupture
threshold in global load sharing for dry ﬁber bundles obeying the
two parameter Weibull cumulative distribution for ﬁber survival
P(rf) = exp[Lsrf/(L0S0)] coincides for ﬁbers exhibiting elastic or
primary creep response to the value
fS0
L0
mLs
 1
m
e
1
m; ð38Þ
where Ls is the length of the composite specimen.
As noted in Section 3.2 for the relaxation problem, the less com-
pliant to creep the ﬁbers, the longer the time needed for shear
stress relaxation. The situation is however reversed for the con-
stant applied stress case as it can be seen in Fig. 5(b) where the
‘‘uniform” matrix shear stress is plotted for a case of creeping
and the ‘‘limit” case of non-creeping ﬁbers. Moreover, it is found
that the shear stress relaxation in a broken creeping ﬁber for con-
stant stress loading is less signiﬁcant compared to that obtained forconstant strain loading (Fig. 5(c)). This seems to be a result of the
increase of the far away ﬁber stress (at x = 0) for constant stress
loading (the far away ﬁber stress decreases in the relaxation prob-
lem) and of the consequential increase of the gradient of stress that
drive the creeping matrix shear. As discussed in Section 4, the ma-
trix shear stress relaxation becomes important for the overall creep
behavior of the composite only at long times. Although the varia-
tion of the proportion of load carried by the constituents due to
the aforementioned relaxation is not large (even at long times) it
is signiﬁcant enough to decrease the composite lifetime consider-
ably (Fig. 5(d)).
Moreover, similarly to the case of elastic ﬁbers (Du and McMee-
king, 1995), a low ﬁber volume fraction f, a high modulus ratio Ef/
Em, a low creep exponent n, and a high matrix creep constant B, all
cause the broken ﬁber stress to relax faster. The same is the inﬂu-
ence on the broken ﬁber stress relaxation of a low ratio of interfa-
cial sliding stress to the characteristic ﬁber stress s0/Sc.4. Creep response – discussion
In this paper, the most comprehensive models for creep rupture
studied by Du and McMeeking (1995) have been extended to in-
clude the primary creep of ceramic ﬁbers observed in operational
temperatures for ceramic matrix composites. The ﬁrst one is an
extension of the Curtin–McLean rupture model that is based on
time-independent ﬁber failure stochastics within the framework
of global load sharing for elastic ﬁbers and includes the effect of
the creeping matrix. The second model takes additionally into ac-
count the effect of broken ﬁber stress relaxation due to matrix/ﬁ-
ber shear stress interaction. To do so, a cylindrical cell containing
a broken ﬁber is considered, and a bilinear approximation of the ﬁ-
ber stress distribution in the broken ﬁber is employed to derive the
evolution of the stress recovery segments.
Material parameters have been varied to assess the sensitivity
of the overall creep behavior to the variation of the individual
parameter. It is found that a low ﬁber volume fraction f, a lowmod-
ulus ratio Ef/Em, a low creep exponent n, a high characteristic ﬁber
stress S0, a lowmatrix creep constant B and a lowWeibull modulus
of the ﬁbers m, all increase the composite creep rate and decrease
its lifetime (if ﬁnite). Moreover, the models described herein, the
Curtin (1993) model for the fast-fracture tensile behavior of com-
posites and the models in Du and McMeeking (1995), all predict
better ultimate behavior for the composite for high ratio s0/Sc
(Fig. 6). It should be noted, however, that in Du and McMeeking
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Fig. 7. Evolution of the normalized matrix axial (dashed line) and shear stress (solid
line) for a composite subjected to constant applied load r0/Sc = 0.2. The stresses are
normalized by their initial values. The values of the parameters are f = 0.3, L = 500D,
m = 5, n = 2, bE ¼ 1:34, m = 3,l = 2, s^0 ¼ 0:0084 and g^ ¼ 4:1875 104.
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Fig. 8. Evolution of the strain for composites with (solid line) and without (dashed
line) matrix shear stress relaxation subjected to constant load r0/Sc = 0.142. The
values of the parameters are f = 0.2, L = 500D, m = 5, n = 2, bE ¼ 1:34; s^0 ¼ 0:0084,
m = 3, l = 2 and g^ ¼ 4:1875 104.
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Fig. 9. Evolution of the strain for composites with creeping (solid line) and non-creeping ﬁ
with and without matrix shear stress relaxation are coincident in the plots. The values
creeping ﬁbers plus m ¼ 3;l ¼ 2; g^ ¼ 4:1875 104 for creeping ﬁbers. (a) Composites s
Sc = 0.15.
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authors did not take into account the dependence of dimensionless
time tBEf S
n1
c and dimensionless stress r0/Sc on the ratio s0/Sc since
Sc ¼ ð2s0L0Sm0 =DÞð1=mþ1Þ depends on s0. In Figs. 2–4 in Du and
McMeeking (1995) a dimensionless time axis is used to compare
the performance of composites with different ratios s0/Sc subjected
to the same dimensionless constant load while the comparison
should be made on the basis of dimensional time and dimensional
constant load.
Moreover, from the set of problems analyzed, it is found that
creep rate, creep life and overall strain at rupture, are all sensitive
to the creep-compliance of the ﬁbers. The creep-compliance of the
ﬁbers increases as the parameters A, l and p of the constitutive law
(3) increase. High ﬁber creep-compliance drives composites to
creep faster, leading however to greater lifetimes and greater over-
all strains at rupture. The faster creep rate for more compliant ﬁ-
bers is self-evident, while the greater lifetimes observed are
attributed to two different factors that alter the distribution of
stresses on the ﬁbers and matrix with time: (i) The more compliant
the ﬁbers, the slower the matrix stress relaxation – since the ma-
trix must deform with a rate compatible with the more creep-
resistant ﬁbers – and therefore the less the load carried by the
ﬁbers. Hence, the stress in the ﬁbers increases slower and fewer
ﬁbers fail. The inverse situation, load transfer from ﬁbers to a more
creep-resistant matrix is possible but it is not addressed in the
present paper. (ii) The more compliant the ﬁbers, the less signiﬁ-
cant the stress relaxation in broken ﬁbers and thus the less the
recovery length increase. As a result, the load carrying capacity
of the broken ﬁbers decreases more slowly and so does the load
carried by the unbroken ones. Hence again, fewer ﬁbers fail. The
basic assumptions of the shear-lag model used for the time evolu-
tion of the recovery length are those of Hedgepeth (1961), for
which it is perhaps instructive to note that the recovery length
scales as
ﬃﬃﬃﬃﬃﬃﬃﬃ
E=G
p
if both constituents are assumed elastic (E is the
Young modulus of the ﬁbers and G the effective shear modulus
of the matrix). The greater overall strains at rupture is the net out-
come of the greater lifetimes and faster creep rates. For example, if
the ﬁber primary creep is ignored then creep rate, as well as life-
time and strain at rupture, are all underestimated even for short-
term creep (Fig. 9(a) and (b)). The second factor, i.e. the extent of
ﬁber stress relaxation, becomes important only at long times (for
low stress levels), since the shear stress relaxes very slowly in com-
parison with the axial normal stress in the matrix (Fig. 7). While for
low stress levels the inclusion of ﬁber stress relaxation is essential0 1000 2000 3000 4000 50000
0.5
1
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2.5b
bers (dashed line). The curves of the strain versus time for creeping ﬁbers estimated
of the parameters are f = 0.25, L = 500D, m = 5, n = 2, bE ¼ 1:34; s^0 ¼ 0:0084 for non-
ubjected to constant load r0/Sc = 0.6. (b) Composites subjected to constant load r0/
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intermediate and high stress levels the effect may as well be ig-
nored (Fig. 9).
The fact that high ﬁber creep-compliance is desirable (in the ab-
sence of any explicit creep-damage mechanism) in terms of com-
posite lifetime but not in terms of overall strain is considered of
importance for effective composite design and optimization. For
example, for some uses (e.g. gas turbines) an engineer may only
permit 0.1% strain in a lifetime of 20 years while for other uses
(e.g. some jet engines) 1% in 1000 h may be allowable.Appendix A
Here we use the principle of superposition in time, which was
proposed in general for non-aging phenomena by Boltzmann
(1874), in order to prove that the viscous part of relation (2) is
actually a generalization for the case of a time-dependent ﬁber
stress of (3) (valid for constant ﬁber stress). Since in a ﬁber-rein-
forced composite there is load redistribution due to ﬁber failure,
it is relation (2) that should be used for the study of failure of ﬁ-
ber-reinforced composites and not relation (3) (as it has been erro-
neous the case in many works in the literature).
Integration of (3) gives
ecf ðtÞ ¼
A
pþ 1r
l
ct
pþ1; ðA:1Þ
for ecf ð0Þ ¼ 0. Introducing the transformations
ecf ¼ ðecf Þ1=ðpþ1Þ; rc ¼ ðrcÞl=ðpþ1Þ and A ¼ ½A=ðpþ 1Þ1=ðpþ1Þ;
the above equation reads as
ecf ðtÞ ¼ Arct: ðA:2Þ
The linearity of equation (A.2) with respect to the stress history
ﬁrst implies that, at constant uniaxial stress rc applied at time t0,
the corresponding transformed strain ecf ðtÞ at any time tP t0 may
be written as
ecf ðtÞ ¼ Arcðt  t0Þ: ðA:3Þ
The linearity implies more the principle of superposition (in
time). Every stress history can be decomposed to inﬁnitesimal
steps, drf ðt0Þ applied at various times t0 less than the current time
t. According to (A.3), each step history produces an inﬁnitesimal
strain history decf ðtÞ ¼ ðt  t0Þdrf ðt0Þ. Summing all the inﬁnitesimal
contributions, one obtains
ecf ðtÞ ¼ A
Z t
0
ðt  t0Þdrf ðt0Þ; ðA:4Þ
where it was assumed that ecf ð0Þ ¼ 0. Differentiation with respect to
time now gives
_ecf ðtÞ ¼ Arf ðtÞ; ðA:5Þ
where it was assumed that rf ð0Þ ¼ 0, or
_ecf ¼ ðpþ 1Þ
p
pþ1A
1
pþ1ðecf Þ
p
pþ1r
l
pþ1
f : ðA:6Þ
This equation is not only a consequence of the principle of
superposition but its equivalent alternative statement. Indeed,
(3) follows from (A.6). Assumptions ecf ð0Þ ¼ 0 and rf ð0Þ ¼ 0 are jus-
tiﬁed by the initial conditions imposed on the composite as it is
made precise in Section 2.
From the above analysis it is deduced that the ﬁbers follow the
constitutive relation
_ef ¼
_rf
Ef
þ Crmf ef 
rf
Ef
 l
; ðA:7Þwhere C = (p + 1)p/(p+1)A1/(p+1), m = l/(p + 1) and l = p/(p + 1), if the
mechanical analogue of a Maxwell unit consisting of a linear spring
(rf ¼ Ef eef ) connected in series ðef ¼ eef þ ecf Þ with a nonlinear dash-
pot (A.6) is adopted.
Appendix B
In this appendix we describe the ﬁnite difference scheme that
was employed to solve (30) of the main text for the case of con-
stant displacement loading ( _e ¼ 0). A similar procedure can be ap-
plied for the case of constant uniaxial applied stress.
Introducing the dimensionless variables
e^ ¼ Ef e
Sc
; r^ ¼ r
Sc
; t^ ¼ tBEf Sn1c ; bE ¼ EfEm ;
g^ ¼ CE
l
f S
mln
c
B
; bD ¼ D
L
; bLf ¼ LfL ; and x^ ¼ xL ; ðB:1Þ
Eq. (30) becomes
@r^bf
@t^
¼1þm
2
bD2bE/ @3r^bf
@t^@x^2
þ3
bD2/
4
@
@x^
r^n1e
@r^bf
@x^
" #
 g^ðr^bf Þmðe^cf Þl; ðB:2aÞ
@e^cf
@t^
¼ g^ðr^bf Þmðe^cf Þl; ðB:2bÞ
where / ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
p
2f
ﬃﬃ
3
p
q
 1, while the initial and boundary conditions
read as
r^bf ð0; t^Þ ¼ r^f ð^tÞ; r^bf ð1=2; t^Þ ¼ 0; ðB:3Þ
r^bf ðx^;0Þ ¼
r^f ð0Þ; for 0 6 x^ 6 1=2 bLf ;
r^f ð0Þ
2bLf ð1 2x^Þ; for 1=2 bLf 6 x^ 6 1=2;
8<: ðB:4Þ
and
e^cf ðx^;0Þ ¼ 0: ðB:5Þ
To ease the exposition of the numerical scheme for the solution
of (B.2) we introduce
z ¼ ð^cf Þlþ1; u ¼ r^bf ;
and write a ¼ 1þm2 bD2bE/, b ¼ 3bD2/4 . Then, (B.2) becomes
@u
@t^
¼ a @
3u
@ t^@x^2
þ b @
@x^
pðx^; t^;uÞ @u
@x^
 
 g^umz llþ1; ðB:6aÞ
@z
@t^
¼ g^ðlþ 1Þum; ðB:6bÞ
where,
pðx^; t^;uÞ ¼ r^2m þ
3bD2
16
@u
@x^
 2 !n12
: ðB:7Þ
The initial and boundary conditions B.3, B.4 and B.5 for the new
dependent variables u and z now read
uð0; t^Þ ¼ r^f ð^tÞ; uð1=2; t^Þ ¼ 0; ðB:8Þ
uðx^;0Þ ¼
r^f ð0Þ; for 0 6 x^ 6 1=2 bLf
r^f ð0Þ
2bLf ð1 2x^Þ; for 1=2 bLf 6 x^ 6 1=2;
8<: ðB:9Þ
zðx^;0Þ ¼ 0; ðB:10Þ
respectively. We employ a ﬁnite difference scheme for the numeri-
cal solution of this coupled system of a partial differential equation
and an ordinary differential equation. For J 2 N, JP 1 we denote by
x^j ¼ h, j = 0,1, . . . , J + 1, the points of a regular partition of the inter-
val [0,1/2] of mesh size h ¼ 12J. We denote the time step by Dt^ and
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mations ðukj ; zkj Þ of the exact solution (u,z) at the points ðx^j; t^kÞ,
j = 0,1, . . . , J + 1, kP 0 as follows:zkþ1j  zkj
Dt^
¼ g^ðlþ 1Þðukj Þm; 0 6 j 6 J þ 1; kP 0; ðB:11Þukþ1j  ukj
Dt^
¼ a
Dt^
ukþ1jþ1  2ukþ1j  ukþ1j1
ðDx^Þ2 
ukjþ1  2ukj  ukj1
ðDx^Þ2
" #
þ bðDx^Þ2 p x^jþ12; t^
k;ukj
 
ukþ1jþ1  ukþ1j
 h
 p x^j12; t^
k;ukj
 
ukþ1j  ukþ1j1
 i
 g^ ðu
k
j Þm
ðzkj Þ
l
lþ1
; 0 6 j 6 J þ 1; kP 0: ðB:12Þ
Eq. (B.12) is a modiﬁed Crank–Nicolson method for (B.6a) and is
equivalent to a symmetric tridiagonal system of linear equations.
The coefﬁcient matrix changes with time but the overall cost of
solving this system of equations remains O(J).References
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